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Motivation: Exact solutions

When studying NP we consider “existential” problems
> Is there a truth assignment satisfying a propositional formula?

> Is there a subset of a given set of numbers that sums up to a
given target number?

> Is there a Hamiltonian path in a graph?

So does the complexity change once we ask exact questions?
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Motivation: Exact solutions

When studying NP we consider “existential” problems
> Is there a truth assignment satisfying a propositional formula?

> Is there a subset of a given set of numbers that sums up to a
given target number?

> Is there a Hamiltonian path in a graph?

So does the complexity change once we ask exact questions?

> Is there precisely one truth assignment satisfying a
propositional formula?

» What is the complexity of this problem? Is the problem in NP?
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Exact solutions: The class DP

To answer questions like that we need to define a new complexity
class.

Idea behind this class: The notion of the exact solution can be
reduced to two queries.

> Is it true that there is a truth assignment that satisfies the
propositional formula ¢?

> Is it true that there are not at least two truth assignment
satisfying 7
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Exact solutions: The class DP

To answer questions like that we need to define a new complexity
class.

Idea behind this class: The notion of the exact solution can be
reduced to two queries.

> Is it true that there is a truth assignment that satisfies the
propositional formula ¢?

> Is it true that there are not at least two truth assignment
satisfying 7

Definition (The class DP)

L € DP if and only if there are two languages, L1 € NP and
Ly € co-NP, such that L = L1 N L.
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unique-SAT and the class DP

The first problem we will study is the following:

unique-SAT = {¢ | ¢ is a propositional formula such that

there exists precisely one truth assignment satisfying ¢}

Exercise
Show that unique-SAT € DP.
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unique-SAT and the class DP

The first problem we will study is the following:

unique-SAT = {¢ | ¢ is a propositional formula such that

there exists precisely one truth assignment satisfying ¢}

Exercise
Show that unique-SAT € DP.

Is unique-SAT complete for DP?
» This is an open problem

» So are there complete problems for this class?
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A DP-complete problem

Let 3-CNF-SAT-UNSAT be the following language:

3-CNF-SAT-UNSAT = {(p, %) | ¢ and ® are conjunctions
of 3 literals, ¢ is satisfiable and ) is not satisfiable}
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A DP-complete problem

Let 3-CNF-SAT-UNSAT be the following language:

3-CNF-SAT-UNSAT = {(p, %) | ¢ and ® are conjunctions

of 3 literals, ¢ is satisfiable and ) is not satisfiable}

Theorem
3-CNF-SAT-UNSAT is DP-complete.

Exercise
Prove the theorem.
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A (natural) DP-complete problem

Notation

clique-number(G) = max{k | G has a clique of size k}

We use this number to define two problems about graphs:

CLIQUE = {(G,k) | clique-number(G) >
exact-CLIQUE = {(G, k) | clique-number(G) =
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A (natural) DP-complete problem

Notation

clique-number(G) = max{k | G has a clique of size k}

We use this number to define two problems about graphs:

CLIQUE = {(G,k) | clique-number(G) > k}
exact-CLIQUE = {(G, k) | clique-number(G) = k}

What is the complexity of CLIQUE?
» Are the complexities of CLIQUE and exact-CLIQUE different?
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A (natural) DP-complete problem

Theorem
exact-CLIQUE is DP-complete.
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A (natural) DP-complete problem
Theorem
exact-CLIQUE is DP-complete.

Proof: First we need to show that exact-CLIQUE € DP

» How is this done?

Now we have to show that exact-CLIQUE is DP-hard.
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A (natural) DP-complete problem

Theorem
exact-CLIQUE is DP-complete.

Proof: First we need to show that exact-CLIQUE € DP

» How is this done?

Now we have to show that exact-CLIQUE is DP-hard.
» We will reduce 3-CNF-SAT-UNSAT to exact-CLIQUE
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exact-CLIQUE is DP-hard: the proof

We will use a reduction from 3-CNF-SAT to CLIQUE introduced
earlier.
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B = aVvxaVx)AFKIVRVX)AGKV XV x)
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exact-CLIQUE is DP-hard: the proof

We have that: g € 3-CNF-SAT if and only if (Gs, 3) € CLIQUE

1IC3242 — The polynomial hierarchy 9 /77



exact-CLIQUE is DP-hard: the proof

We have that: g € 3-CNF-SAT if and only if (Gs, 3) € CLIQUE

More generally, if ¢ = CGi A --- A C,, where each C; is a clause,
then:

¢ € 3-CNF-SAT if and only if (G,,n) € CLIQUE

11C3242 - The polynomial hierarchy 9 /77



exact-CLIQUE is DP-hard: the proof

We have that: g € 3-CNF-SAT if and only if (Gs, 3) € CLIQUE

More generally, if ¢ = CGi A --- A C,, where each C; is a clause,
then:

¢ € 3-CNF-SAT if and only if (G,,n) € CLIQUE

We will use this reduction in our proof.

» But first, we need to define some operations over graphs.
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exact-CLIQUE is DP-hard: the proof

Given graphs G = (N1, A1) and Gy = (Na, A2)
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Given graphs G = (N1, A1) and Gy = (Na, A2)
Notation

G1 W Gy, the disjoint union of Gy and Gy, is defined as

Gl WGy = (Nl U Ns, Ap UAZ)
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exact-CLIQUE is DP-hard: the proof

Given graphs G = (N1, A1) and Gy = (Na, A2)

Notation
G1 W Gy, the disjoint union of Gy and Gy, is defined as

Gl WGy = (Nl U Ns, Ap UAZ)

We are assuming that Ny N N, = 0.

If Ny N Ny # (: we can rename the nodes of G; in such a way that
they are disjoint from N

1IC3242 - The polynomial hierarchy 10 / 77



exact-CLIQUE is DP-hard: the proof

Notation
G1 X G2 = (Nl X NQ,A), where:
A = {((31,32), (bl, bz)) | (31, bl) € Al and (32, b2) € AQ, or
ay = by and (ap, b2) € Az, or
(a1, b1) € A1 y a2 = by}
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exact-CLIQUE is DP-hard: the proof

Notation
G1 X G2 = (Nl X NQ,A), where:
A = {((81,32), (bl, b2)) | (31, bl) € Al and (32, b2) € Az, or
ay = by and (ap, b2) € Az, or
(a1, b1) € A1 y a2 = by}

Exercise

If G and Gy have cliques with n; and ny elements, respectively,
than what do we know about cliques in G; X G?
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exact-CLIQUE is DP-hard: the proof

Now we have all the ingredients needed to reduce
3-CNF-SAT-UNSAT to exact-CLIQUE.

Given (¢,v), we will construct (G, ), k() such that:

(9,1) € 3-CNF-SAT-UNSAT
if and only if
(G(pu)a k(pnv')) c exact—CLIQUE
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exact-CLIQUE is DP-hard: the proof

Now we have all the ingredients needed to reduce
3-CNF-SAT-UNSAT to exact-CLIQUE.

Given (¢,v), we will construct (G, ), k() such that:

(p,1) € 3-CNF-SAT-UNSAT
if and only if
(G(,ﬁ DL k(pu)) € exact-CLIQUE

¥l

Assume that ¢ and v consist of m and n clauses, respectively,
where m>2, n>2 and m # n.
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exact-CLIQUE is DP-hard: the proof

Now we have all the ingredients needed to reduce
3-CNF-SAT-UNSAT to exact-CLIQUE.

Given (¢,v), we will construct (G, ), k() such that:

(p,1) € 3-CNF-SAT-UNSAT
if and only if
(G(,ﬁ DL k(pu)) € exact-CLIQUE

P»,Y
Assume that ¢ and v consist of m and n clauses, respectively,

where m>2, n>2 and m # n.

» Why can we assume that m > 2, n > 2 and m # n?
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exact-CLIQUE is DP-hard: the proof

Let:

G(%w) = (G¢ & Km—l) X (GU W Kn—l)
Kwy = m-(n—1)
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exact-CLIQUE is DP-hard: the proof
Let:
= (G K1) X (Gp & Kn_1)

= m-(n—1)

Then the following holds:

[ v | ¥ | Thesize of the largest clique in G, |
CNF-SAT | CNF-SAT e
CNF-SAT | CNF-SAT m-(n=1)
CNF-SAT | CNF-SAT (m—1)-n
CNF-SAT | CNF-SAT (m=1)-(n=1)
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exact-CLIQUE is DP-hard: the proof

Sincem#n: m-(n—1)#(m—1)-n
Therefore, since (m—1)-(n—1)<m-(n—1) < m-n, we can
conclude that:

(¢,v) € 3-CNF-SAT-UNSAT
if and only if
(G(%w), k(@ﬂﬁ)) € exact-CLIQUE
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exact-CLIQUE is DP-hard: the proof

Sincem#n: m-(n—1)#(m—1)-n

Therefore, since (m—1)-(n—1)<m-(n—1) < m-n, we can
conclude that:

(¢,v) € 3-CNF-SAT-UNSAT
if and only if
(G(%w), k(@ﬂﬁ)) € exact-CLIQUE

To finish the proof we need to check that the reduction is doable
in PTIME (or LOGSPACE if you prefer).

» How can we show this?
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Relation between NP and DP

It is easy to see that NP C DP and co-NP C DP.

» How can we show this?

What is the relation between NP and DP?
» Is NP # DP?
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Relation between NP and DP

It is easy to see that NP C DP and co-NP C DP.

» How can we show this?

What is the relation between NP and DP?

> Is NP # DP?
» This is an open problem, and there is a very good reason for
this!
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Relation between NP and DP

Theorem
NP = DP if and only if NP = co-NP.
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Relation between NP and DP

Theorem
NP = DP if and only if NP = co-NP.

Proof: (<) Assume first that NP = co-NP.

If Le DP: L =L1N Ly, with L; € NP and Ly € co-NP.
» By the assumption: Ly € NP

Therefore: L = Ly N Ly, where Ly, L, € NP.

But NP is closed under intersection.
» How does this follow?
» Thus, we have that L € NP
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Relation between NP and DP

(=) Assume that NP = DP.

Since co-NP C DP: co-NP C NP

Therefore we have that NP C co-NP:
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(=) Assume that NP = DP.
Since co-NP C DP: co-NP C NP

Therefore we have that NP C co-NP:

L e NP
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Relation between NP and DP

(=) Assume that NP = DP.
Since co-NP C DP: co-NP C NP

Therefore we have that NP C co-NP:

LeENP = LecoNP
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Relation between NP and DP

(=) Assume that NP = DP.
Since co-NP C DP: co-NP C NP

Therefore we have that NP C co-NP:

LeNP = Le&coNP
= LeNP (we showed that co-NP C NP)
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Relation between NP and DP

(=) Assume that NP = DP.
Since co-NP C DP: co-NP C NP

Therefore we have that NP C co-NP:

LeENP = Le&co-NP
= LeNP (we showed that co-NP C NP)
= Le€co-NP
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Practical motivation: Optimisation problems

A tour 7 in a graph G is a sequence of edges (a1, a2), ...,
(ak—1, ak), (ak,a1) in G such that:

> a; # aj for each i # j,
» {a1,...,ak} is the set of all nodes in G.

> (Recall Hamiltonian paths)

Notation

» A cost function for a graph G = (N, A) is a function
cost: A— N.

» The cost of a tour w in G is defined as:

k—1

cost(m) = (Z cost((aj, a;+1))> + cost((ak, a1))
i=1
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Practical motivation: Optimisation problems

The travelling salesman problem is defined as:

TSP = {(G, cost, k) | there is a tour 7 in G with cost(7) < k}

What is the complexity of TSP?
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Practical motivation: Optimisation problems

The travelling salesman problem is defined as:

TSP = {(G, cost, k) | there is a tour 7 in G with cost(7) < k}
What is the complexity of TSP?

Theorem
TSP is NP-complete.
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Practical motivation: Optimisation problems

TSP is a decision problem.
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» There is also an optimisation variant of TSP: Find the
smallest k such that (G, cost, k) € TSP

» The optimisation variant of the problem is at least as difficult
as the decision variant

> If we can solve TSP in polynomial time, can we also solve its
optimisation variant in polynomial time?
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Practical motivation: Optimisation problems

TSP is a decision problem.

» There is also an optimisation variant of TSP: Find the
smallest k such that (G, cost, k) € TSP

» The optimisation variant of the problem is at least as difficult
as the decision variant

> If we can solve TSP in polynomial time, can we also solve its
optimisation variant in polynomial time?
» TSP has to be used polynomially many times

11C3242 - The polynomial hierarchy 20 /77



Practical motivation: Optimisation problems

a tour is optimal if there is no other tour with a smaller cost.

» We can have more than one optimal tour
Another version of TSP:

unique-TSP = {(G, cost) | there is just one optimal tour for G}

This is a decision problem, and it seems more difficult than TSP.
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Practical motivation: Optimisation problems

a tour is optimal if there is no other tour with a smaller cost.

» We can have more than one optimal tour
Another version of TSP:
unique-TSP = {(G, cost) | there is just one optimal tour for G}

This is a decision problem, and it seems more difficult than TSP.

> If we can solve TSP in polynomial time, can we also solve
unique-TSP in polynomial time?
» Again, TSP has to be used polynomially many times

1IC3242 - The polynomial hierarchy 21 /77



Oracles make a comeback

What do all these problems have in common?
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> If we find a polynomial algorithm for some NP-complete
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What do all these problems have in common?

» We can solve the using an answer to a NP problem
polynomially many times
> In the case of DP: two times

> If we find a polynomial algorithm for some NP-complete
problem, then these problems can be solved in polynomial time

» An NP-complete problem can be seen as an oracle for these
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So we will recall the notion of an oracle machine.
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Oracles make a comeback

What do all these problems have in common?

» We can solve the using an answer to a NP problem
polynomially many times
> In the case of DP: two times

> If we find a polynomial algorithm for some NP-complete
problem, then these problems can be solved in polynomial time

» An NP-complete problem can be seen as an oracle for these
problems

So we will recall the notion of an oracle machine.

» We will show that oracles can be used to characterise these
problems, and many more interesting problems
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Oracle machines

Definition
A deterministic TM with input tape and an oracle for A C ¥*:
MA = (Q,Z,T, 4, qo, Gaccept Qreject)

> Q a finite set of states with g7, gyes, gro € Q

> Y a finite alphabet with B ¢ X

» [ a finite alphabet with X U {B,F} C T

> 40, Gaccept, Greject € @ as before

0 is a partial function:

v

§ @ QxTxTI? = Qx{«,0-=})xI?x {0}

The third tape is the query tape

A is called the oracle
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How do oracle machines work?

Easy to extend the previous definition to multiple work tapes and
to non-determinism.

An oracle machine M2 work as an ordinary TM, but when it enters
the state g:

» The query tape has: wBB---, for some w € ¥*

» M uses the oracle for A, and its next state is gyes OF G0
» The state is gyes iff w € A
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Oracle machines: examples

The execution time is defined as for ordinary TMs

> A query to the oracle counts as one step

For our initial examples:
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> A query to the oracle counts as one step

For our initial examples:

3-CNF-SAT-UNSAT : s accepted by M>AT that runs in time
O(n)

exact-CLIQUE :is accepted by MCHQUE that runs in
time O(n)
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Oracle machines: examples

The execution time is defined as for ordinary TMs

> A query to the oracle counts as one step

For our initial examples:

3-CNF-SAT-UNSAT : s accepted by M>AT that runs in time

O(n)

exact-CLIQUE :is accepted by MCHQUE that runs in
time O(n)

unique-TSP ©is accepted by MTSP that runs in time
O(n*)

1IC3242 - The polynomial hierarchy
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Complexity classes with an oracle

A complexity class defined using oracle machines:

Definition

PTIME”: All languages L such that there exists an oracle machine
MA with L = L(MA) and MA runs in time O(n¥).
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Complexity classes with an oracle

A complexity class defined using oracle machines:

Definition

PTIME”: All languages L such that there exists an oracle machine
MA with L = L(MA) and MA runs in time O(n¥).

We have already seen that:

» 3-CNF-SAT-UNSAT, exact-CLIQUE and unique-TSP are in
PTIMESAT

» They are also in PTIME?, for any NP-complete problem A

» NP, co-NP and DP are contained in PTIMESAT
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Complexity classes with an oracle

A more general definition:

Definition

PTIMENP

1IC3242 — The polynomial hierarchy
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Complexity classes with an oracle
A more general definition:

Definition

PTIMENVP — U PTIMEA
AeNP

But in reality, this is not more general than:

Proposition
PTIMENP — PTIMESAT
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Complexity classes with an oracle
A more general definition:
Definition
PTIMEN® = | ] PTIME?
AeNP

But in reality, this is not more general than:

Proposition
PTIMENP — PTIMESAT

Exercise
Prove the proposition.
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Relationships between complexity classes

What is the relations between PTIMENP and the classes we
defined so far?
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Relationships between complexity classes

What is the relations between PTIMENP and the classes we
defined so far?
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P
PTIME DP PTIMEN® — = PSPACE
co-NP

Why does it hold that PTIMENP € PSPACE? (Recall limits of
diagonalisation)
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Relationships between complexity classes

What is the relations between PTIMENP and the classes we
defined so far?

NP
P
PTIME DP PTIMEN® — = PSPACE
co-NP

Why does it hold that PTIMENP € PSPACE? (Recall limits of
diagonalisation)

Do we have enough complexity classes in our life?

» Sorry, but there are many other natural problems between
PTIMENP and PSPACE

11C3242 - The polynomial hierarchy
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A problem from Artificial Intelligence: Knowledge revision

A fundamental problem: Knowledge update.

» Given a knowledge base X and a new fact ¢, we want to
update the knowledge in ¥ with respect to the new fact ¢
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A problem from Artificial Intelligence: Knowledge revision

A fundamental problem: Knowledge update.

» Given a knowledge base X and a new fact ¢, we want to
update the knowledge in ¥ with respect to the new fact ¢

» We want to update what is necessary

» We do not want to lose the information that we do not need
to eliminate
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A problem from Artificial Intelligence: Knowledge revision

A fundamental problem: Knowledge update.

» Given a knowledge base X and a new fact ¢, we want to
update the knowledge in ¥ with respect to the new fact ¢

» We want to update what is necessary

» We do not want to lose the information that we do not need
to eliminate

Assumptions:
» Y is a set of propositional formulas

> ¢ is a propositional formula

1IC3242 - The polynomial hierarchy
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Knowledge revision

Given X and ¢: we want to generate a formula that describes the
update of X with respect to ¢.

Notation
Yoy

11C3242 - The polynomial hierarchy 30 /77



Knowledge revision

Given X and ¢: we want to generate a formula that describes the
update of X with respect to ¢.

Notation
Yoy

How can we do this?

» What would be {p,p — g} 0 —¢q?
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Knowledge revision
A possible solution: Belief Revision

Notation
» models(¥): the set of valuations o that satisfy ¥

» A(o1,02): the set of propositional variables p such that

o1(p) # o2(p)

» We assume all the valuation to have the same domain
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Knowledge revision

A possible solution: Belief Revision

Notation
» models(¥): the set of valuations o that satisfy ¥

» A(o1,02): the set of propositional variables p such that
o1(p) # o2(p)

» We assume all the valuation to have the same domain

Example

If o1(p) =1, 01(q) =1, 02(p) =1 and 02(q) = 0, then
A(o1,02) = {q}

» A(01,02) measures the distance between o1 and o3

11C3242 - The polynomial hierarchy
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Knowledge revision

To update X with respect to ¢: We update the models of ¥ with
respect to .

For any o such that o(X) = 1, we want to select the models o1 of
o that are at a minimal distance from o.
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Knowledge revision

To update X with respect to ¢: We update the models of ¥ with
respect to .

For any o such that o(X) = 1, we want to select the models o1 of
o that are at a minimal distance from o.

Notation

min(o, ) = {o1 | o1(¢) =1 and there is no oo such that
o2(p) =1 and A(o,02) € Ao, 01)}
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Knowledge revision

We define the models of ¥ o ¢ as the models of ¢ that are closest
to the models of X:

models(X o ) = U min(o, )
o:o(X)=1

and we define ¥ o ¢ as any formula v such that
models(1)) = models(X o ).
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Knowledge revision

We define the models of ¥ o ¢ as the models of ¢ that are closest
to the models of X:

models(X o )

U min(o, )

o:o(X)=1

and we define ¥ o ¢ as any formula v such that
models(1)) = models(X o ).

» Does this formula always exist? Is it unique?
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Knowledge revision

We define the models of ¥ o ¢ as the models of ¢ that are closest
to the models of X:

models(X o )

U min(o, )

o:o(X)=1

and we define ¥ o ¢ as any formula v such that
models(1)) = models(X o ).

» Does this formula always exist? Is it unique?
» What is the complexity of determining if o € models(¥X o )?
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Knowledge revision

Example

r={p,p—q}and p=—q
models(¥) = {o},
models(p) = {o1,02},

o(p) =o(q) =1
o1(p) =1, 01(q) =0

o2(p) =0, 02(q) =0

Minimal models:

A(o,01)

Ao, 07)

min(o, )
models(X o )

Result: {p,p —>qlo—-q = pA-—gq

1IC3242 - The polynomial hierarchy
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Knowledge revision: complexity

The main problem in the area: compute certain answers.

» 1) is a certain answer to X o g if for every o € models(X o @),
it is true that o satisfies v

Example

p is a certain answer to {p, p — q} o 7q.
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Knowledge revision: complexity

The main problem in the area: compute certain answers.

» 1) is a certain answer to X o g if for every o € models(X o @),
it is true that o satisfies v

Example

p is a certain answer to {p,p — g} o —q.
The problem we need to study:

CERTAIN-ANSWERS = {(X, ¢,) | ¢ is a

certain answer to X o ¢}
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Knowledge revision: complexity

What is the complexity of CERTAIN-ANSWERS?
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Knowledge revision: complexity

What is the complexity of CERTAIN-ANSWERS?

» Is it in NP? In co-NP?
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Knowledge revision: complexity

What is the complexity of CERTAIN-ANSWERS?
» Is it in NP? In co-NP?

» Is it in PTIMENP?
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Knowledge revision: complexity

What is the complexity of CERTAIN-ANSWERS?
> Is it in NP? In co-NP?
> Is it in PTIMENP?
» Or at least in PSPACE?

1IC3242 - The polynomial hierarchy
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Knowledge revision: complexity

What is the complexity of CERTAIN-ANSWERS?
> Is it in NP? In co-NP?
> Is it in PTIMENP?
» Or at least in PSPACE?

Again, the notion of an oracle can help us to understand the
complexity of this problem.

1IC3242 - The polynomial hierarchy
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Another complexity class defined with respect to oracles

Definition

» NP*: Languages L for which there is a nondeterministic TM
MA with L = L(MA) and MA runs in time O(n*)

> NPVP | ) NP

AeNP
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Another complexity class defined with respect to oracles

Definition

» NP*: Languages L for which there is a nondeterministic TM
MA with L = L(MA) and MA runs in time O(n*)
> NPVP | ) NP

AeNP

With this we can show where CERTAIN-ANSWERS is.
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Another complexity class defined with respect to oracles

Definition

» NP*: Languages L for which there is a nondeterministic TM
MA with L = L(MA) and MA runs in time O(n*)

> NPVP | ) NP

AeNP

With this we can show where CERTAIN-ANSWERS is.

Exercise

Show that CERTAIN-ANSWERS € co-NPNP. (Hint: to show that
¥ is not a certain answer, we guess a valuation that confirms this.
But to check that this is a model of the update we need NP.)
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Where are we now?

What is the relationship between NPNP and the other classes we
defined?
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Where are we now?

PNP

What is the relationship between N and the other classes we

defined?

NP NPNP
. /f“\\

,’f\“\

PTIME PTIMENP PSPACE

P 4 v

co—'|<| P co- I\IP NP
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Where are we now?

What is the relationship between NPNP and the other classes we
defined?
NP NPNP
//(\\‘\\ /r\\-.
PTIME PTIME PSPACE
4 P
co-NP co-NPNP

Why is it true that NPNP C PSPACE?

1IC3242 - The polynomial hierarchy
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Where are we now?

What is the relationship between NPNP and the other classes we
defined?

NP NPNP
PTIME PTIMENP PSPACE
P P
co—'|<| P co- I\IP NP

Why is it true that NPNP C PSPACE?

We can generalise this construction.
» So we define the polynomial hierarchy

1IC3242 - The polynomial hierarchy

38 /77



The polynomial hierarchy

We can generalise the previous definitions with respect to any
complexity class C.
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The polynomial hierarchy

We can generalise the previous definitions with respect to any
complexity class C.

Definition

» PTIMEC: U PTIMEA
AeC

» NFC: U NPA

AeC

11C3242 — The polynomial hierarchy 39 /77



The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.
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The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.

Definition (The polynomial hierarchy (PH))
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The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.

Definition (The polynomial hierarchy (PH))
P = PTIME
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The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.

Definition (The polynomial hierarchy (PH))

sP = PTIME
P _ D s
P, = NP n>0
1IC3242 - The polynomial hierarchy
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The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.

Definition (The polynomial hierarchy (PH))

sP = PTIME
P, = NP n>0
AP = PTIMEY™™ n>0
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The polynomial hierarchy

Using this generalisation we define the polynomial hierarchy.

Definition (The polynomial hierarchy (PH))

sP = PTIME

P = NP n>0
AP = PTIMEY™™ n>0
I'If+1 = co—Z,’,D_F1 n>0

1IC3242 — The polynomial hierarchy 40 / 77



The polynomial hierarchy

How can we depict polynomial hierarchy graphically?
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The polynomial hierarchy

How can we depict polynomial hierarchy graphically?

P = NP ¥P = NPNP ¥ = nphPY
PN PG ) /\\\ g
. / ~. e e

e N p ~ - ~_ s
/ \,r/ \\\,/'7/ \/
TP = AP =PTIME A5 =PTIMEV AP =PTIMEN" AP = PTIMEW
- //’ \\ // \‘\\ /”’\\\
\\\ / \\ /// \\\ //,/ \\\
- e e N
I'If = co-NP I'If = co-NPNP I'Ig’ = co—NF’NPNP

npNP
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The polynomial hierarchy and PSPACE

Definition

PH = | J=¢
k>0
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The polynomial hierarchy and PSPACE

Definition

PH = | J=¢
k>0

What is the relationship between PH and PSPACE?
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The polynomial hierarchy and PSPACE

Definition

PH = | J=¢
k>0

What is the relationship between PH and PSPACE?
» PH C PSPACE

1IC3242 — The polynomial hierarchy
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
» This would imply that PH has complete problems
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
» This would imply that PH has complete problems

What happens if PH has complete problems?
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
» This would imply that PH has complete problems

What happens if PH has complete problems?
» Each class Zf is closed under S]lgolg (or <p)
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
» This would imply that PH has complete problems

What happens if PH has complete problems?
» Each class Zf is closed under Slﬁg (or <p)

» If PH has a complete problem, then the polynomial hierarchy
collapses to some finite level.
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The polynomial hierarchy and PSPACE

Can it hold that PSPACE C PH?
» This would imply that PH has complete problems

What happens if PH has complete problems?
» Each class Zf is closed under S]lrﬁg (or <p)

» If PH has a complete problem, then the polynomial hierarchy
collapses to some finite level.

Proposition

If the polynomial hierarchy does not collapse to a finite level, then
it holds that PH C PSPACE.
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A bit of intuition about PH

Exercise
An integer expression is defined recursively as:
> Every a € N is an integer expression.

» If E and F are integer expressions, then (E + F) and (E U F)
are also integer expressions.

The set of natural numbers represented by an integer expressions is
defined recursively as:

> L(a) = {a}
» L(E+F)={a+blaclL(E)ybe L(F)}
» L(EUF)=L(E)UL(F)

What is the complexity of the problem of determining if
L(E) = L(F)?
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Alternative characterisation of levels in PH

Notation
ne = PTIME

Proposition

For every k > 1: a language L over the alphabet ¥ is in Zf if and
only if there exists A € I'If_1 and a polynomial p(n) such that for
allw e ¥*:

w € L if and only if
there exists z € ¥* such that |z| < p(|w|) and (w, z) € A.
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Alternative characterisation of levels in PH

Notation
ne = PTIME

Proposition

For every k > 1: a language L over the alphabet ¥ is in Zf if and
only if there exists A € I'If_1 and a polynomial p(n) such that for
allw e ¥*:

w € L if and only if
there exists z € ¥* such that |z| < p(|w|) and (w, z) € A.

Proof: Induction on k
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Alternative characterisation of levels in PH

For k = 1: We need to prove that L € NP if and only if
A € PTIME and a polynomial p(n) such that:

we L

)

there exists z such that |z| < p(Jw|) and (w, z) € A.
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Alternative characterisation of levels in PH

For k = 1: We need to prove that L € NP if and only if
A € PTIME and a polynomial p(n) such that:

we L

)

there exists z such that |z| < p(Jw|) and (w, z) € A.

How do we prove this?
» The direction < is easy (why?)

» For the other direction which A can we use? (Recall the
alternative definition of NP)

11C3242 - The polynomial hierarchy 46 / 77



Alternative characterisation of levels in PH

Assume that the statements holds for some k. We will prove that
it also holds for k + 1.

(<) Assume that there is a language A € I—If and a polynomial
p(n) such that:

w € L if and only if
there exists z such that |z| < p(|w|) and (w, z) € A.
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Alternative characterisation of levels in PH

Assume that the statements holds for some k. We will prove that
it also holds for k + 1.

<) Assume that there is a language A € M% and a polynomial
k
p(n) such that:

w € L if and only if
there exists z such that |z| < p(|w|) and (w, z) € A.

Therefore we have that L € NPA
» So we conclude that: L € ZfH

> (This follows since NPA C NPA)
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Alternative characterisation of levels in PH

(=) Assume now that L € Zfﬂ.

It holds that L = L(M*), where
» Aexf

» M4 is polynomial time nondeterministic TM with an oracle
for A

Since A € Zf, by the induction hypothesis, there exists C € F1571
and a polynomial p(n) such that:

w € A if and only if
there exists z such that |z| < p(|w|) and (w,z) € C.
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Alternative characterisation of levels in PH

Let I' be the tape alphabet of M” and assume that # & I".

Define the language D as the set of all pairs (w, z) such that
w e L, z = ao#bot - H#Om- 17 Bm-17Am, and:

(a) ag is the initial configuration of M4 with input w
(b) am, an accepting configuration of MA

(c) for i € [0, m — 1]: If the state of «; is not g7, then «jy1 is a
configuration that follows from «; in MA and f8; = ¢
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Alternative characterisation of levels in PH

(d) for i € [0, m— 1]: If the state of «; is g7 and u € L* is the
word on the query tape of «;, then ajy; differs from «; only
in the state, and:

(d.1) the state of a1 is gno, u € A and B; = ¢; or
(d.2) the state of o1 is gyes, |8i| < p(|u]) and (u,B;) € C
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Alternative characterisation of levels in PH

(d) for i € [0, m— 1]: If the state of «; is g7 and u € L* is the
word on the query tape of «;, then ajy; differs from «; only
in the state, and:

(d.1) the state of a1 is gno, u € A and B; = ¢; or
(d.2) the state of o1 is gyes, |8i| < p(|u]) and (u,B;) € C

Lemma
There is a polynomial q(n) such that for each w € X*:

w € L if and only if
there is a z € ¥ such that |z| < q(|w|) and (w, z) € D.
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Alternative characterisation of levels in PH

It remains to prove that D € M.

Let M€ be a Turing machine with the oracle C which on input
(w, z) works as follows:

(1) Verify in polynomial time if (w, z) does not satisfy (a), (b) or
(c), and if this is the case M accepts (w, 2)

(2) If (1) is not true, then MC does the following for each
configuration «; with the state g»:

(2.1) If the state of a1 is neither gno nor gves, if o; and ajqg
differ in a symbol not corresponding to a state, or if the state
of ajy1 is gno and B; # &, then M€ accepts (w, z)
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Alternative characterisation of levels in PH

(2.2) If (2.1) does not hold, the state of a1 is gno and u € X* is
the word on the query tape of «;, then M¢ guesses v such
that |v| < p(|ul]), and then queries the oracle C with input
(u, v). If the oracle replies with YES, then M€ accepts (w, z)

(2.3) If (2.1) and (2.2) do not hold, the state of ;11 is gves,
u € X* is the word on the query tape of «; and |5;| > p(|ul),
then M€ accepts (w, z)

(2.4) If (2.1), (2.2) and (2.3) do not hold, the state of a1 is gyes
and u € ¥* is the word on the query tape of a;, then M€
queries the oracle C with input (u, ;). If the oracle replies
NO, the M€ accepts (w, 2)
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Alternative characterisation of levels in PH

(2.2) If (2.1) does not hold, the state of a1 is gno and u € X* is
the word on the query tape of «;, then M¢ guesses v such
that |v| < p(|ul]), and then queries the oracle C with input
(u, v). If the oracle replies with YES, then M€ accepts (w, z)

(2.3) If (2.1) and (2.2) do not hold, the state of ;11 is gves,
u € X* is the word on the query tape of «; and |5;| > p(|ul),
then M€ accepts (w, z)

(2.4) If (2.1), (2.2) and (2.3) do not hold, the state of a1 is gyes
and u € ¥* is the word on the query tape of a;, then M€
queries the oracle C with input (u, ;). If the oracle replies
NO, the M€ accepts (w, 2)

It is easy to see that D = L(MC).
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Alternative characterisation of levels in PH

(2.2) If (2.1) does not hold, the state of a1 is gno and u € X* is
the word on the query tape of «;, then M¢ guesses v such
that |v| < p(|ul]), and then queries the oracle C with input
(u, v). If the oracle replies with YES, then M€ accepts (w, z)

(2.3) If (2.1) and (2.2) do not hold, the state of ;11 is gves,
u € X* is the word on the query tape of «; and |5;| > p(|ul),
then M€ accepts (w, z)

(2.4) If (2.1), (2.2) and (2.3) do not hold, the state of a1 is gyes
and u € ¥* is the word on the query tape of a;, then M€
queries the oracle C with input (u, ;). If the oracle replies
NO, the M€ accepts (w, 2)

It is easy to see that D = L(MC).

» How do we prove this?
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Alternative characterisation of levels in PH

We conclude that D € M¥.

» This follows because M€ is a polynomial-time
nondeterministic TM with an oracle C € I'If_1
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Alternative characterisation of levels in PH

We conclude that D € M¥.

» This follows because M€ is a polynomial-time
nondeterministic TM with an oracle C € I'If_1

To finish we just need to consider the alphabet of D.
» The input for D is of the form (w, z),where z € (I U {#})*
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Alternative characterisation of levels in PH

We conclude that D € M¥.

» This follows because M€ is a polynomial-time
nondeterministic TM with an oracle C € I'If_1

To finish we just need to consider the alphabet of D.
» The input for D is of the form (w, z),where z € (I U {#})*

But the use of the alphabet ' U {#} is not essential for defining D.

» We can assume that z € ¥*. Why?

11C3242 - The polynomial hierarchy 53 /77



Alternative characterisation of X}

Theorem

For any k > 1: a language L over the alphabet X is in Z,’f if and
only if there exists A € PTIME and a polynomial p(n) such that
for all w € ©* :

w € L if and only if
(Bz1 € %, |z1| < p(|w])) (V22 € Z7, |22] < p(|w])) ---
(Quzk € ¥, |zi| < p(|w])) (w,z1, 22, ..., 2x) € A,

where Qi = 3 if k is odd and Q) =V if k is even.
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Alternative characterisation of X}

Theorem

For any k > 1: a language L over the alphabet X is in Zf if and
only if there exists A € PTIME and a polynomial p(n) such that
for all w € X :

w € L if and only if
(Bz1 € %, |z1| < p(|w])) (V22 € Z7, |22] < p(|w])) ---
(Quzk € ¥, |zi| < p(|w])) (w,z1, 22, ..., 2x) € A,

where Qi = 3 if k is odd and Q) =V if k is even.

Exercise

Prove this (hint: how do we characterise I"I,'LD like in the previous
theorem).
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Collapsing PH

The previous characterisation will allow us to construct complete
problems for each XF.

> All of these problems are extensions of SAT (and restrictions
of TQBF)
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Collapsing PH

The previous characterisation will allow us to construct complete
problems for each XF.

> All of these problems are extensions of SAT (and restrictions
of TQBF)

But before we will show one fundamental result about PH
» We will talk about possible collapse of PH

> In the proof we will assume that complete problems for each
Zf exist

11C3242 — The polynomial hierarchy
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The collapse of the Polynomial hierarchy

Theorem
For all k > 1:

(a) IFEF =nNF, then PH= ¢
(b) IFEF = AF, then PH= AF

1IC3242 - The polynomial hierarchy
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The collapse of the Polynomial hierarchy

Theorem
For all k > 1:

(a) IFEF =nNF, then PH= ¢
(b) IFEF = AF, then PH= AF

Proof: We will need the following lemma:

Lemma
Forall k >1: NP7k = ¥P
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The collapse of the Polynomial hierarchy

Proof of the lemma:
(D) IF L € £F, then L € NP#, for some A€ X .

Since Zl’ll - Af C Zf N I_If.

» We can conclude that L € NPT«"M%

(C) Assume now that L € NPZ«M

Then L € NPA, for some A € Zf N I'If.
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The collapse of the Polynomial hierarchy

Since Ac TP nNP: A= L(MP) and A = L(ME), where:
» B is some complete problem for £F |

» MB and M2 are polynomial-time nondeterministic TMs with
an oracle for B
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The collapse of the Polynomial hierarchy

Since Ac TP nNP: A= L(MP) and A = L(ME), where:
» B is some complete problem for £F |

» MB and M2 are polynomial-time nondeterministic TMs with
an oracle for B

Therefore: L € NPE
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The collapse of the Polynomial hierarchy

Since Ac TP nNP: A= L(MP) and A = L(ME), where:
» B is some complete problem for £F |

» MB and M2 are polynomial-time nondeterministic TMs with
an oracle for B

Therefore: L € NPE

» ldea: Replace each call of M# to the oracle A with a
simultaneous call to MlB and MZB
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The collapse of the Polynomial hierarchy

Since Ac TP nNP: A= L(MP) and A = L(ME), where:
» B is some complete problem for £F |

» MB and M2 are polynomial-time nondeterministic TMs with
an oracle for B

Therefore: L € NPE

» ldea: Replace each call of M# to the oracle A with a
simultaneous call to MlB and MZB

We conclude that L € £F. ]
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The collapse of the Polynomial hierarchy

Now we can complete the proof of the theorem.

(a) Assume that £F =F.

We will prove by induction on j > k that ZP I'IP ZP
For j = k the property holds by the hypothesis.

Assume that the property holds for some j > k, we next prove that
the property also holds for j + 1.
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The collapse of the Polynomial hierarchy

We have that:

£f, = NPY
— NPE O since ZJ’-D = I'IJ’-D
= ZJP by the lemma (j > k > 1)
P by the induction hypothesis

Furthermore, we have:

an+1 CO‘ZJPH
= co—Z,’(J by the above proof
Zf by the hypothesis
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The collapse of the Polynomial hierarchy

(b) Assume that AP = %P

Since Af is closed under complement, we have that ¥ = ﬂf.
» From (a) it follows that PH = X/

We conclude that PH = Af. O
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The collapse of the Polynomial hierarchy

Corollary
> If PTIME = NP, then PH = PTIME
> If NP = co-NP, then PH = NP
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Complete problems for levels of PH

The language QBF; (i > 1) is defined as the set of all true

quantified boolean formulas that are of the form:

ﬂxljl B
VX271 B

3X371 .

Qixi1- -

where:

» Qi =3difiisodd, and Q; =V if / is even

> ¢ is a propositional formula using variables x 1,

v Xidy o Xiom;
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A complete problem for Zf

The sequence of problems {QBF;};>1 is enough to represent the
polynomial hierarchy.

Theorem

For every k > 1, QBFy is Zf—comp/ete.
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A complete problem for Zf

The sequence of problems {QBF;};>1 is enough to represent the
polynomial hierarchy.

Theorem

For every k > 1, QBFy is Zf—comp/ete.

Proof: First we have to show that QBF, € F.
» How is this done?
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A complete problem for Zf

Next, we need to prove that QBF is Zf—hard.

» Take any L € Zf. We have to show that L is reducible to
QBF, (in LOGSPACE)
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A complete problem for Zf
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» Take any L € Zf. We have to show that L is reducible to
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To simplify the proof we will assume that:
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Next, we need to prove that QBF is Zf—hard.
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To simplify the proof we will assume that:
» L is defined over the alphabet {0,1}
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A complete problem for Zf

Next, we need to prove that QBF is Zf—hard.

» Take any L € Zf. We have to show that L is reducible to
QBF, (in LOGSPACE)

To simplify the proof we will assume that:
» L is defined over the alphabet {0,1}
> k is odd
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A complete problem for Zf

Next, we need to prove that QBF is Zf—hard.

» Take any L € Zf. We have to show that L is reducible to
QBF, (in LOGSPACE)

To simplify the proof we will assume that:
» L is defined over the alphabet {0,1}
> k is odd

The proof is similar for an arbitrary alphabet and k even.
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A complete problem for Zf

We need to prove that there is a function f : {0,1}* — {0,1}*
such that

» f is computable in LOGSPACE and;
» for every w € {0,1}*: w € L if and only if f(w) € QBF

Notacion
f(w) = ow
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A complete problem for Z,’f

Since L € £F, there exists A € PTIME and a polynomial p(n) such
that for every w € {0,1}* :

w € L if and only if
(321 €{0,1}", |z1] = p(w]))
(Vz2 €{0,1}", |22 = p(Iw]))

(Fzk € {0,1}", |zk| = p(|w])) wHzi#z# ... #2zk € A

This follows from the characterisation of Zf.

» How do we achieve |z1| = |zo| = - -+ = |zx| = p(|w])?
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A complete problem for Zf

Since A € PTIME, there exists a deterministic Turing machine
M:(Q:{qo?"'7qm}7zz{0717#}7r:{0717#7B7}_
}a q0, 9, Qaccept qreject) where:

» M uses a single tape
» M halts on every input

» L=L(M)

v

tm(n) is O(n®), for some natural number ¢

v

M uses I to mark the left end of the tape (no transition can
move left if it is reading this symbol and the symbol can not
be rewritten)
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A complete problem for Zf

Without the loss of generality we assume that:
» w = aj---a, with each a; € {0,1}
» For each a €T, the function 6(qaccept; @) is not defined

» For each a €T, the function (qreject, @) is not defined
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A complete problem for Zf

Let £ =n+k-(1+ p(n))
> [ is the length of the input w#z1#z# - - - #2z, of the TM M
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A complete problem for Z,’f

Let £ =n+k-(1+ p(n))
> [ is the length of the input w#z1#z# - - - #2z, of the TM M

To define ¢, we use the following propositional variables:

zij : i€[l,k]andje€[1,p(n)]

Stpa o te[0,tm(?)], pel0,tm(f)+1] and a € {0,1,#,B,-}
cep  te[0,tm(f)] and p € [0, ty(¢) + 1]

erg : te[0,ty(f)) and g€ Q
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A complete problem for Zf

The formula ¢, is defined as:
321’1 cee Hzlyp(,,)

V2271 . IVZZP(")

dz31--- E|z3,p(,,)

sz,l v sz,p(n)
350,0,0 350,0,1 350,0,# 350,08 30,0, * * * ISty (¢),tm(¢)+1,0
IStun(0),tm(0)+1,1 IStus(0), e (0)+1,% IStua(£), e (€)+1.8 IStas (), e (0) 41,

J0,0 Fhy(0),tm(0)+1 F€0,00 * * * F€0,qm Tty (0,00 F€t(0).0m

(99/ Noc N ps /\SOA>
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A complete problem for Zf

@y the initial state

n
0,1 A\ €0,q0/\ 50,0, /A < A So,p,ap> A

p=1

k
< /\ 50,(n+1)+(,-_1).(,,(n)+1),#> A
(/\ /\ TZij = 50,(n+1)+(i—1)-(p(n)+1)+j, 0)

i=1j=1

k p(n)
</\ N zij— So,<n+1)+(i1)-(p(n)+1)+j,1) A
i=1 j=1
tm(0)+1
LR
( )

p=(n+1)+k-(p(n)+1
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A complete problem for Z,’f

wc: The machine works correctly

¢ is a conjunction of four formulas. First, each cell can contain
only one symbol (recall Cook-Levin and tableaus):

tpm(£) tp(£)+1 (

Vispar A ﬁst,,,,,,)>

ael be(M\{a})

~

=0 p=0
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A complete problem for Z,’f

Second, the machine is always in a unique state:

A (Ve A e

qeQ qg'e(Q\{q})

Third, the head of the machine is always in a unique position:

tm(€) , tm(0)+1
/\ < \/ (ctp A ﬁct,p/)>

p=0 P e([0,tm(£)+11\{r})

1IC3242 - The polynomial hierarchy T4 /77



A complete problem for Z,’f

Fourth, the value of a cell on the work tape of the machine is not
changed is it was not under the head of the machine (in the
previous time point)

(€)1 tw(0)+1

/\ /\ <(ﬁCt,p) — /\(5t+1,p,a < St,p,a)>

t=0  p=0 ael
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A complete problem for Z,’f

ws: the relation § defines how the machine moves from one
configuration to another (we represent <— as -1, [ as 0 and — as

1)
t(0)—1 tu(0) [

A A

t=0 p=0

/\ <(et,q ActpAStpa) —

5(q,a)=(q’,b,X)

(et41,g' N Ceq1prx A 5t+1,p,b)>] A

tm(0)—1 tm(¢) {
0

/\ <(et7q VAN Ct.p VAN St,p.a) —

(g,a) is not defined

(et+1,g A Cet1,p A 5t+1,p,a)>]
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wa: The machine accepts w

etM (e) sQaccept

«O» «Fr « o



A complete problem for Zf

wa: The machine accepts w

etM (g)«,qaccept

To finish the proof we need:
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A complete problem for Zf

wa: The machine accepts w

etM (g)«,qaccept

To finish the proof we need:

» w € L if and only if ¢, is true
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A complete problem for Zf

wa: The machine accepts w

etM (g)«,qaccept

To finish the proof we need:
» w € L if and only if ¢, is true

> ¢, can be constructed in logarithmic space
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A complete problem for Zf

wa: The machine accepts w

etM (é)«,qaccept

To finish the proof we need:
» w € L if and only if ¢, is true

> ¢, can be constructed in logarithmic space

Why does this hold?

O
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